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Abstract
Contributions of primordial gravitational waves to the large-angular-scale aniso-
tropies of the cosmic microwave background radiation in multidimensional cosmolog-
ical models (Kaluza-Klein models) are studied. We derive limits on free parameters
of the models using results of the COBE experiment and other astrophysical data.
It is shown that in principle there is a room for Kaluza-Klein models as possible
candidates for the description of the Early Universe. However, the obtained limits
are very restrictive. Assuming that the anisotropies are mostly due to gravitational
waves, none of the concrete models, analyzed in the article, satisfy them. On the
other hand, if the contribution of gravitational waves is very small then a string
inspired model is not ruled out.
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The idea of T. Kaluza and O. Klein [1], which was originally proposed as a mean of
unification of gravity and electromagnetic interactions, has become later an important
ingredient of many string and supergravity theories (see [2] for reviews) and in this way
gave rise to Kaluza-Klein cosmological models [3], [4]. Thus, the idea has transformed into
the physical hypothesis assuming the existence of additional (to the three known) spacelike
dimensions of the space-time with a certain structure. It is quite interesting and it would
be highly desirable to check if this hypothesis agrees or not with available observational
data. Experimental tests of general relativity in higher dimensions were discussed in Ref.
[5]. In this article we use the recent observational data on the anisotropies of the cosmic
microwave background radiation (CMBR) provided by the satellite COBE [6] to obtain
limits on the free parameters describing different cosmological scenarios.
We consider Kaluza-Klein cosmological models with the spacetime R ×M31 ×Md2,
where the manifold R×M31 represents our four-dimensional Universe, which is assumed
to be a Friedman-Lemaˆıtre-Robertson-Walker universe with flat space hypersurfaces, and
where the d-dimensional manifold Md2 represents the space of extra dimensions, often
called internal space, which here is assumed to be compact. We restrict ourselves to the
metrics of the form
g = −dt⊗ dt+ a2(t)g˜ + b2(t)gˆ,
where a(t) and b(t) are scale factors of the spacesM31 andMd2 respectively. In the previous
equation g˜ is the three-dimensional metric onM31 and gˆ is a d-dimensional metric on the
internal space Md2.
It is known that a multidimensional theory can be always re-written as an effective the-
ory in four-dimensional space-time with an infinite tower of fields (Kaluza-Klein modes).
This includes a zero mode and massive modes (often called pyrgons) with masses propor-
tional to 1/b which form a discrete spectrum (sinceMd2 is compact). From the absence of
any signals of heavy Kaluza-Klein modes in present day high energy experiments it can
be concluded that h¯c/b > (1 ÷ 10) TeV. Studies in Refs. [7] give strong bounds on the
time variation of the scale b(t) since the time of the nucleosynthesis. They imply that
nowadays the scale of the internal space is constant with very high precision. From these
it follows that extra dimensions do not produce any significant effect now. Contrary to
this, in the Early Universe, extra dimensions could have played an important role. Indeed,
as many cosmological scenarios predict, the scales were of comparable size (a(t) ∼ b(t))
and b(t) was changing rather rapidly. Therefore, experiments probing the Early Universe
can shed light on the issue of the validity of the Kaluza-Klein hypothesis. The COBE
experiment is the one of this kind: the temperature anisotropies, measured by COBE,
carry certain imprints of that early stage of the evolution and, in this way, can constrain
the topology of the Universe (see Ref. [8]) or give an evidence of possible existence of
extra dimensions.
The effect we are going to calculate here is in many respects similar to the temperature
anisotropies of the CMBR caused by the inflationary expansion of the spatial part of R×
M31. For the case of the four-dimensional Universe the effect of production of gravitational
waves during the inflationary stage was studied long ago in Ref. [9] and the effect of
distortion of the CMBR by such waves with its consequent anisotropies was discussed in
[10]. A quantum-mechanical mechanism of graviton creation (as amplification of the zero-
point fluctuations) in four dimensions was proposed and developed in Ref. [11]. In Ref.
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[12] the temperature anisotropies due to the gravitational wave perturbations generated
quantum-mechanically were studied and it was shown that a certain (although quite
narrow) class of four-dimensional inflationary scenarios agrees with the observational data
[6] on the anisotropies of the CMBR. (See Refs. [4], [13] for reviews on these issues, Refs.
[14] on effects of the gravitational perturbations in string cosmology.) In this article we
calculate the anisotropies of the temperature of the CMBR due to the tensor perturbations
(gravitational waves) within the Kaluza-Klein approach. Density perturbations and the
spectrum of gravitational waves in multidimensional scenarios were studied in [15] - [17].
An analysis of a class of Kaluza-Klein models and their comparison with observations of
the CMBR were carried out recently in [17].
In this article, we consider only physical gravitational waves, i.e. tensor type fluctua-
tions onM31, and assume that the only spatial dependence is given by the eigentensors of
the Laplacian onM31 labelled by the wavenumber n [18], that is we retain only the lowest
(zero) mode on Md2. One can show that non-zero (massive) Kaluza-Klein modes do not
produce any considerable contribution to the anisotropies of the CMBR: first, because
their amplification during inflation is not sufficient and, second, because at time of the
emission of the CMBR photons they are already heavy enough particles. In terms of the
conformal time η the perturbed metric is given by
ds2 = a2(η)
[
−dη2 + (δij + hij(η, x))dxidxj
]
+ b2(η)gˆabdy
adyb,
where the indices i, j run from 1 to 3 and the indices a, b from 1 to d; the wave can be
expressed as
hij(η, x) =
∑
{n}
µn(η)
f(η)
Gn;ij(x),
where Gn;ij(x) are eigentensors of the Laplacian on M31 and where the function f(η)
is defined by f(η) ≡ a(η)b(η)d/2. The linearized Einstein equations with zero energy-
momentum tensor give:
µ′′n(η) + (n
2 − f
′′(η)
f(η)
)µn(η) = 0. (1)
The physical interpretation of this equation is similar to that already given in the four-
dimensional case [11], [19]: gravitational waves are parametrically amplified throughout
the cosmic evolution. In the multidimensional case, Eq. (1) was first considered in Refs.
[18, 15, 16].
In a quantum-mechanical treatment [11] (see also [19]) the perturbed metric hij be-
comes an operator. If we require the amount of energy to be h¯ω/2 in each mode, its
general expression can be put under the form:
hij(η,x) = 4
√
π
lP lb
d/2
KK
f(η)
1
(2π)3/2
∫ +∞
−∞
d3n
2∑
s=1
psij(n)
1√
2n
(cs
n
(η)ein·x + cs†
n
(η)e−in·x).
We used the fact that the multidimensional gravitational constant G(4+d) is related to the
four-dimensional one G(4) as G(4+d) = G(4)Vd with the volume of the internal space Vd
evaluated for b = bKK , the present day value of the scale factor of the internal space. The
polarization tensor psij(n) satisfies the relations: p
s
ijn
j = 0, psijδ
ij = 0, psijp
s′ij = 2δss
′
and
2
psij(−n) = psij(n). The time evolution of the operator hij(η,x) is determined by the time
evolution of the annihilation and creation operators cs
n
and cs†
n
which obey the Heisenberg
equation:
dc
n
dη
= −i[c
n
, H ],
dc†
n
dη
= −i[c†
n
, H ].
The Hamiltonian H , providing a description in terms of travelling waves, is given by:
H = nc†
n
c
n
+ nc†−nc−n + 2σ(η)c
†
n
c†−n + 2σ
∗(η)c
n
c−n, (2)
where σ(η) ≡ if ′/(2f). For d = 0 the expressions of Ref. [20] are recovered. In the
multidimensional case, the second pump field b(η) appears in the coupling function σ(η)
and, as a consequence, the production of gravitons will be affected by the dynamics of the
internal dimensions. The form of the Hamiltonian (2) explicitly demonstrates that, while
the Universe expands, the initial vacuum state evolves into a strongly squeezed vacuum
state with characteristic statistical properties as discussed in Ref. [20]. The Heisenberg
equations are resolved with the help of the standard Bogoliubov transformations: c
n
(η) =
uncn(η0) + vnc
†
n
(η0) and similar one for c
†
n
(η). Here, η0 is the beginning of inflation where
the normalization is set. Then one can show that the function µn(η) ≡ un(η) + v∗n(η)
obeys the classical equation (1).
In order to derive bounds on parameters of cosmological models from COBE obser-
vational data we calculate the angular correlation function for the temperature variation
(δT/T )(~e) of the CMBR caused by the cosmological perturbations (Sachs-Wolfe effect
[21]). This function depends only on the angle δ between the unit vectors ~e1 and ~e2,
pointing out in the directions of observation, and can be expanded in terms of the Leg-
endre polynomials Pl as follows [20, 22]:
< 0|δT
T
(~e1)
δT
T
(~e2)|0 >=
∞∑
l=2
ClPl(cos δ). (3)
The contribution of the cosmological perturbations to the quadrupole moment is given by
Qrms−PS ≡ T0(5C2/4π)1/2 ∼ T0hH/70, (4)
where T0 = 2.7 K and hH is the characteristic spectral component [12] defined by h(n; η) =
lP ln|µn(η)|/a(η) and evaluated at n = nH , η = ηR. Here ηR is the time at which photons
of the CMBR were received, and nH = 4π is the wavenumber corresponding to the
wavelength equal to the present Hubble radius lH .
In this article we consider the following scenario for the behaviour of the scale factors:
1) Inflationary stage (I-stage): η0 < η < η1 < 0
a(η) = l0|η|1+β, b(η) = b0|η|γ. (5)
2) Transition stage: η1 < η < η2
a(η) = l0ae(η − ηe), b(η) = bTr(η).
3) Radiation-dominated stage (RD-stage): η2 < η < η3
a(η) = l0ae(η − ηe), b(η) = bKK .
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4) Matter-dominated stage (MD-stage): η > η3
a(η) = l0am(η − ηm)2, b(η) = bKK .
The scale factors a(η) and b(η) and their first derivatives a′(η) and b′(η) are assumed
to be continuous throughout the evolution. This gives certain relations between the
parameters of the scenario. All models with 1 + β < 0 (η must be negative in this case)
describe inflationary expansion of the three-dimensional part of the Universe. It can be
shown that the case β = −2 corresponds to the de Sitter expansion. This scenario is
rather general since in most of the known models of Kaluza-Klein cosmology [23, 24] the
behaviour of the scale factors at the inflationary-compactification stage is of the same
type as the one described by Eqs. (5). The transition stage is added in order to assure
the continuity of b(η) and its first derivative. Its behaviour at this stage is characterized
by some reasonable function bTr(η) which describes the slowing of the evolution of the
scale factor of extra dimensions in the process of compactification, that appears in many
Kaluza-Klein cosmological models (see, for example, [23]). Thus, a realistic and physically
interesting case is when the change of b(η) during the transition stage is small, namely
r = (b(η1)/bKK)
d/2 ∼ 1. The explicit form of bTr(η) will not be important for our results.
For η > η2 the function b(η) is taken to be constant. This agrees with strong bounds on
the time variation of the scale factor of extra dimensions during the RD- and MD-stages
obtained in [7].
To calculate the angular variation of the temperature of the CMBR we need to solve
Eq. (1). The initial conditions on the wave amplitude, corresponding to the vacuum
spectrum of the perturbations characterized by ”a half of the quantum” in each mode,
are the following: µ(η0) = 1, µ
′(η0) = −in, where η0 < 0 is such that |η0| ≫ |η1| [19].
Then the solution of Eq. (1) is equal to
1) I-stage:
µ(η) = (nη)1/2AH
(2)
N+ 1
2
(nη),
where H(2)ν (z) is the Hankel function of the second kind, N ≡ β+(γd)/2 and the constant
A given by the expression A = −i
√
π/2 exp[i(nη0 − πN/2)].
2) Transition stage: for waves with long wavelengths
µ(η) ∼ B1ξ(η) +B2ξ(η)
∫ η dη′
ξ2(η′)
,
where without loss of generality we wrote bTr(η) as bTr(η) = [ξ(η)/(ael0(η− ηe))]2/d, ξ(η)
being an arbitrary function (see details in Ref. [22]).
3) RD-stage:
µ(η) = C1e
−in(η−ηe) + C2e
in(η−ηe).
4) MD-stage:
µ(η) =
√
πz
2
(
D1J 3
2
(z) +D2J− 3
2
(z)
)
,
where z ≡ n(η−ηm). The coefficients Bi, Ci and Di (i = 1, 2) are determined by matching
the solution and its first derivative.
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The expressions of µ(η) for the I-, RD- and MD-stages are exact, whereas the form
of µ(η) for the transition stage is only valid for long wavelengths, namely for the wave
numbers such that n ≤ nH = 4π. Such solution is sufficient for the calculation of the
characteristic spectral component hH .
To set the scale for η it is convenient to choose ηR − ηm = 1. All realistic cos-
mological models should account for a(ηE)/a(ηR) ≈ 10−3 (ηE is the time at which the
photons of the CMBR were emitted), a(η3)/a(ηR) ≈ 10−4 and a(η1)/a(ηR) = k, where
3 ·10−32 < k < 3 ·10−12. The lower bound on k corresponds to the case when the radiation
dominated expansion of the three-dimensional part of the Universe starts at the Planckian
energy densities, whereas the upper one corresponds to the case when this process starts
at the nuclear energy densities. Also we assume that the scale factor a(η) has grown suf-
ficiently during the I-stage: a(η1)/a(η0) = E with E ≥ e70 [25]. We obtain the following
expressions for the parameters of the scenario in terms of β and k.
η1 = 50k(1 + β),
η3 = 50kβ + 0.5 · 10−2, ηe = 50kβ, ηm = −0.5 · 10−2 + 50kβ,
ae = −(1 + β)(50k|1 + β|)β, am = 50|1 + β|(50k|1 + β|)β.
The characteristic scale l0 in Eq. (5) is given by the relation
lP l
l0
= 25
(
lP l
lH
)
(50k)β|1 + β|(1+β), (6)
where lH ≡ a2(ηR)/a′(ηR) is the present day Hubble radius. We take it to be equal to
lH = 10
61lP l. For the sake of simplicity we also assume that at the beginning of the
inflation the multidimensional Universe was symmetric with respect to all dimensions, i.e.
a(η0) = b(η0).
Let us now derive restrictions on the parameters of the scenario under consideration.
One can show that
S ≡ lP l
bKK
=
r2/d
6
(
lP l
lH
)
1
k/3
Eρ, (7)
where ρ = (1 + β − γ)/(1 + β). The only experimental bound on the size of bKK comes
from the fact that no effects of extra dimensions are observed in high energy particle
experiments. This, apparently, tells us that h¯c/bKK > (1 ÷ 10) TeV. On the other hand
the classical description of the background dynamics can be trusted only if bKK is not
much smaller than lP l. These arguments imply that S in Eq. (7) should belong to the
interval 10−16 < S < 1.
To obtain restrictions given by the COBE experimental data we calculate the charac-
teristic spectral component hH for the solution µn(η) for the amplitude of the gravitational
wave decribed above. We obtain:
hH = 25
(
lP l
lH
)
|Ψ(M)||1 + β|M(50k)Mn2+MH Π, (8)
where M = −1/2 − |1/2 + N | and Ψ(M) ≡ − exp(iπM/2)[Γ(−1/2 −M)]/[√2π2M+1/2].
The factor Π takes into account the effect of the transition stage. For N < −1/2 it is
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equal to |1+ β|/r, for N > −1/2 it is given by some complicated expression which in the
case of the transition stage to be short enough reduces to (2β+1+dγ)r− (1+β)/r. It is
easy to show that for further analysis the effect of the transition stage can be neglected if
r ∼ 1. The most recent COBE experimental results give Qrms−PS ∼ 15 ·10−6 K [6]. Since
the contribution of tensor perturbations cannot exceed this value, from Eq. (4) it follows
that hH ≤ 10−4.
Working out Eqs. (7) and (8), we find that
∣∣∣∣N + 12
∣∣∣∣ = −12 −
57 + lg hH
3 + lg(k/3)
, (9)
ρ =
61 + lg(k/3) + lgS
lgE
, (10)
In addition β must satisfy β < −1 to decribe the inflationary expansion.
Let us first analyze the case when the observed anisotropies come mostly from gravi-
tational waves, i.e. lg hH = −4 (see also the discussion in Ref. [26]). The allowed values
of N and ρ are given by the regions bounded by dashed lines in Fig. 1. We see that
-6 -4 -2 0 2 4
N
0.4
0.6
0.8
1
1.2
1.4
1.6
ρ
Figure 1: The region of values of the parameters N and ρ given by the equations (9) and
(10) with E = e70. The subregions bounded by dashed lines correspond to the case when
the observed anisotropies are given by the gravitational waves only. N = −1/2 is the
symmetry axis of the whole region.
there is a room for multidimensional cosmological models as candidates for the descrip-
tion of the Early Universe. However, the limits are rather restrictive, and we are unaware
of any model of Kaluza-Klein cosmology which agrees with them. For example, among
the models corresponding to our scenario, one finds that β = −5/4, γ = 1/4 for d = 6
[(ρ,N) = (2,−0.5)] in the perfect-fluid-dominated model [27], β = −1.26, γ = 0.22 in
the D = 4 + d = 11 supergravity with toroidal compactification [(ρ,N) = (1.85,−0.49)]
[28], β = −14/11, γ = 1/11 for d = 22 [(ρ,N) = (1.33,−0.27)] in the model of string-
driven inflation [24]. It is easy to check that none of these models satisfy the bounds with
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lg hH = −4. In these examples the production of the gravitational waves is not sufficient
to explain the quadrupole moment measured by COBE.
Now let us consider the case when contributions of density and rotational perturbations
are not neglected, i.e. lg hH ≤ −4. The allowed values of the parameters are given by
the whole region presented in Fig. 1. Since lgE > 30 the upper horizontal line is
always below the limit ρ ∼ 49/30 = 1.63. As a consequence, the perfect fluid model
and the supergravity model do not account for sufficient inflationary growth of the three-
dimensional part of the Universe within our scenario and are still ruled out whereas the
string model now satisfies the bounds in principle. However, it requires lg hH ∼ −40 that
means that the contribution of the gravitational waves must be extremely small.
Taking into account further experimental restrictions (in particular, the tensor to
scalar quadrupole ratio which is not determined by COBE) will allow to make the limits
on multidimensional models more restrictive thus questioning the very validity of the
Kaluza-Klein hypothesis.
Details of the calculations as well as results of more complete analysis of Kaluza-Klein
models will be presented elsewhere [22].
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